Introduction {#Sec1}
============

Quantum entanglement is an important resource in quantum information theory. Different from classical correlations, this restricted shareability of entanglement in multi-particle systems is known as monogamy property. The more entanglement shared between two parties implies the less entanglement shared with the rest of the system. Monogamy property plays a crucial role in quantum cryptography: which restricts the quantity of information captured by an eavesdropper about the secret key to be extracted^[@CR1]--[@CR3]^. Monogamy property has also been discussed in the device-independent quantum information processing^[@CR4]^, condensed matter physics^[@CR5]^ and black-hole physics^[@CR6],\ [@CR7]^.

The study of monogamy property has a long history. The first monogamy relation was found by Coffman *et al*., who considered a three-qubit system *ABC* ^[@CR8]^, and showed that the amount of entanglement (which is quantified by the squared concurrence) between *A* and *B*, plus the amount of entanglement between *A* and *C*, cannot be greater than the amount of entanglement between *A* and the pair *BC*. Further, Osborne *et al*. proved the squared concurrence follows a general monogamy inequality for the *N*-qubit system^[@CR1]^. Monogamy inequalities for different entanglement measures have been noted, such as concurrence^[@CR9]--[@CR12]^, entanglement of formation^[@CR13],\ [@CR14]^, negativity^[@CR15]--[@CR19]^, Rényi entropy entanglement^[@CR20],\ [@CR21]^, and Tsallis entropy entanglement^[@CR22]--[@CR24]^. For the other physical resources, such as discord and steering, the monogamy property of them has also been discussed^[@CR25]--[@CR28]^.

As dual to monogamy property, polygamy property in multi-particle systems has arised many interests by researchers^[@CR15],\ [@CR19],\ [@CR22],\ [@CR29],\ [@CR30]^. Polygamy property was first provided by using the concurrence of assistance to quantify the distributed bipartite entanglement in multi-qubit systems^[@CR29],\ [@CR30]^. Polygamy property has also considered in many entanglement measures, such as Rényi entropy^[@CR20]^, Tsallis entropy^[@CR22],\ [@CR31]^ and convex-roof extended negativity^[@CR19]^.

Unified (*q*, *s*)-entropy is an important entropic measure, which can be used in many areas of quantum information theory. In this paper, we investigate the entanglement distribution in multi-particle systems in terms of unified (*q*, *s*)-entropy. We find that for any tripartite mixed state, the unified (*q*, *s*)-entropy entanglement of assistance follows a polygamy relation. This polygamy relation also holds in multi-particle systems. Furthermore, a generalized monogamy relation is provided for unified (*q*, *s*)-entropy entanglement in the multi-qubit system.

Results {#Sec2}
=======

This paper is organized as follows. In the first subsection, we recall the definition of unified (*q*, *s*)-entropy and discuss the properties of unified (*q*, *s*)-entropy entanglement. In the second subsection, we give our main results. We summarize our results in the third subsection.

Unified (*q*, *s*)-entropy entanglement and unified (*q*, *s*)-entropy entanglement of assistance {#Sec3}
-------------------------------------------------------------------------------------------------
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As a dual quantity to the unified (*q*, *s*)-entropy entanglement, the unified (*q*, *s*)-entropy entanglement of assistance ((*q*, *s*)-EOA) can be defined as$$\documentclass[12pt]{minimal}
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Concurrence and concurrence of assistance {#Sec4}
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For a mixed state *ρ* ~*AB*~, the concurrence can be defined via the convex-roof extension$$\documentclass[12pt]{minimal}
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As a dual quantity to concurrence, the concurrence of assistance (COA) can be defined as$$\documentclass[12pt]{minimal}
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Analytical formula for two-qubit states {#Sec5}
---------------------------------------

For a two-qubit mixed state *ρ* ~*AB*~, concurrence and COA are known to have analytic formula^[@CR30],\ [@CR40]^ $$\documentclass[12pt]{minimal}
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In ref. [@CR40], Wootters derived an analytical formula of entanglement of formation for a two-qubit mixed state *ρ* ~*AB*~ $$\documentclass[12pt]{minimal}
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Main Results {#Sec6}
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In this section, we will provide our main results. First, we have following result:
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Thus, the proof is completed.

Theorem 1. Shows a simple but interesting polygamy relation of (*q*, *s*)-EOA in a tripartite quantum system. The upper bound of (*q*, *s*)-EOA of *A*\|*BC* can't be greater than the sum of (*q*, *s*)-EOA of *B*\|*AC* and (*q*, *s*)-EOA of *C*\|*AB*. In particular, for a tripartite pure state $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${|\psi \rangle }_{A|BC}$$\end{document}$, the unified (*q*, *s*)-entropy entanglement $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${E}_{q,s}({|\psi \rangle }_{A|BC})\le {E}_{q,s}({|\psi \rangle }_{B|AC})+{E}_{q,s}({|\psi \rangle }_{C|AB})$$\end{document}$.

We also have the following corollary:
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Corollary 1. Shows a constrained relationship of (*q*, *s*)-EOA in the multi-particle system, and gives an upper bound of (*q*, *s*)-EOA of $\documentclass[12pt]{minimal}
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Corollary 2. For any multi-qubit mixed state $\documentclass[12pt]{minimal}
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Before our second main result, we have following lemma:
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Theorem 2. For any multi-qubit pure state $\documentclass[12pt]{minimal}
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Compare Eq. ([30](#Equ30){ref-type=""}) with Eq. ([31](#Equ31){ref-type=""}), it's easy to see that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}{E}_{q,s}({|\psi \rangle }_{A|B{C}_{1}\cdots {C}_{n}})-{E}_{q,s}({|\psi \rangle }_{B|A{C}_{1}\cdots {C}_{n}}) & \ge  & {f}_{q,s}({\mathscr{C}}({\rho }_{A{C}_{1}\cdots {C}_{n}}))\\  &  & -{f}_{q,s}\{\sqrt{\sum _{i=1}^{n}{[{{\mathscr{C}}}^{a}({\rho }_{B{C}_{i}})]}^{2}}\}.\end{array}$$\end{document}$$

We also note that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}{f}_{q,s}({\mathscr{C}}({\rho }_{A{C}_{1}\cdots {C}_{n}})) & \ge  & {f}_{q,s}[\sqrt{\sum _{i=1}^{n}{{\mathscr{C}}}^{2}({\rho }_{A{C}_{i}})}]\\  & = & \sum _{i=1}^{n}{f}_{q,s}({\mathscr{C}}({\rho }_{A{C}_{i}}))\\  & = & \sum _{i=1}^{n}{E}_{q,s}({\rho }_{A{C}_{i}}),\end{array}$$\end{document}$$where the first equality holds is due to the monogamy of concurrence^[@CR1]^ and *f* ~*q*,*s*~(*x*) is an increasing function for *q* ≥ 2, 0 ≤ *s* ≤ 1, and *qs* ≤ 3^[@CR36]^.
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Conclusion {#Sec7}
==========

Unified (*q*, *s*)-entropy is an important generalized entropy in quantum information theory. Many entropies such as Tsallis entropy, Rényi entropy, and von Neumann entropy can be seen as a special case for unified (*q*, *s*)-entropy. In this paper, we have investigated the entanglement distribution in multi-particle systems in terms of unified (*q*, *s*)-entropy. We find that for any tripartite mixed state, the (*q*, *s*)-EOA follows a polygamy relation for *q* ≥ 1 and *qs* ≥ 1. This polygamy relation provides an upper bound for the bipartition *A*\|*BC*, which also holds in multi-particle systems. Furthermore, for *q* = 2 and $\documentclass[12pt]{minimal}
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Both monogamy property and polygamy property are fundamental properties of multipartite entangled states. We have studied the properties above in detail, and provided a two-parameters entropy function to study the entanglement distribution. We believe our result provides a useful methodology to understand the entanglement distribution of multi-particle entanglement.
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